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Abstract 



We prove a strengthening of the "reciprocity conjecture" of Khare and Winten- 
berger. The input to the original conjecture is an odd prime p, a CM number field 
F containing the pth roots of unity, and a pair (qi, q2) of primes of the maximal 
totally real subfield of F that are inert in the cyclotomic Zp-extension F^ / F~^ . 
In analogy to a statement about generalized Jacobians of curves, the conjecture 
asserts the equality of two procyclic subgroups of the Galois group of the maximal 
fSJ I pio-p extension M of F^ that is unramified outside p and abelian over F~^. The 

first is the intersection with Ga\{M./F^) of the closed subgroup of Gal{Ai/F^) 



CN I generated by the Frobenius elements of qi and c\2- The second is generated by the 

CN ! 

, class of an exact sequence defining the minus part of the p-part of the ray class 

l/^ I group of Foo of conductor qiq2- 

o 

(N 

1 Introduction 

X ■ 

j_| ! The goal of this paper is to prove the reciprocity conjecture of Khare and Winten- 

- - - berger, as found in |KW[ Conjecture 5.5]. The conjecture as originally stated asserts the 

equality of two procyclic subgroups of the Galois group of the maximal abelian pro-p 
extension of a totally real field. These subgroups fix the cyclotomic Zp-extension, hence 
are conjecturally finite by Leopoldt's conjecture. In fact, as we shall shortly explain, the 
reciprocity conjecture may be used to give an equivalent formulation of Leopoldt's con- 
jecture in terms of ray class groups. In this introduction, we give the original formulation 
and a slight extension of the conjecture and recall the motivation for the conjecture from 
|KW] . Let us begin straightaway with the formulation. 
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Let p be an odd prime, let F be a CM field containing fip, and let be its maximal 
totally real subfield. Let F^o and denote the cyclotomic Zp-extensions of these 
respective fields, and let F = Gal(Foo/F). Let = {qi,q2} be a set of two distinct 
finite primes of not lying over p, and suppose that these primes remain inert in 
Let Ai (resp., A^oo) denote the maximal abelian pro-p unramified outside p extension 
of F+ (resp., F+). 

Let (fi denote the Frobenius element in Gal(A^/-F+) attached to for i G {1,2}. 
Each ipi restricts nontrivially to F+, so the subgroup {ipi,ip2) topologically generated 
by v?! and ip2 has a procyclic intersection with the kernel of this restriction map. This 
provides the first of the two procyclic subgroups Mq and Nq of Gal(A^/F+) that are 
the subject of the reciprocity conjecture. 

Definition 1.1. The Frobenius line Mq is the intersection {ipi,ip2) H Gal(A^/F^). 

Let Aoo and Aoo,q denote the p-parts of the class group of F^o and the ray class group 
of conductor qiq2 of Foo, respectively. We denote the minus parts of these groups, on 
which complex conjugation acts by —1, with a superscript "— ". The definition of the 
ray class group gives rise to an exact sequence of Zp[[F]]-modules 

^ /ip^ ^ A^^^ -^A^^O, (1.1) 

the subg roup ^poc being identified with the p-power torsion in the residue field of 
for qi. (Here, that the q^ are inert allows the sequence to have this simple form, given 
a choice between the two primes.) As shown by Iwasawa [HI p. 75], Kummer the- 
ory provides a canonical isomorphism between B.om{A^, fipoc) and Gal{Aioo/F^). The 
F-coinvariants of the latter group are canonically isomorphic to Gal(A^/F+) and non- 
canonically, i.e., up to a choice of generator of F, isomorphic to the continuous cohomol- 
ogy group if^(F, Gal(A^oo/-^(i))- The next object was not named in |KWj . so we give 
it a name to put in on a equal footing with the Frobenius line. 

Definition 1.2. The ray class line Nq is the topological subgroup of Gal(A^/F+) gen- 
erated by the image of the class of the extension (11.11) of Zp[[F]]-modules in 

H\T, Ga\{M^/F^)) = Ga\{M/F^). (1.2) 

We remark that while the class of (11.11) depends up to sign on a choice of qi over q2 
and a choice of generator of F, the ray class line Nq does not. We may now state the 
reciprocity conjecture of Khare and Wintenberger. Despite its name, we will not employ 
class field theory in our approach to it. 
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Conjecture 1.3 (Khare-Wintenberger). The Frohenius line Mq and the ray class line 
Nq are equal. 

Let us briefly consider the connection with Leopoldt's conjecture for totally real fields 
[L] . which provides something of an impetus for the investigation of the relationship 
between Mq and Nq. We recall the statement for an arbitrary number field. 

Conjecture 1.4 (Leopoldt). Let E he a number field. Then the topological closure of 
the embedding of the units of E in the direct product of the completions E^ at the 
primes v of E lying over p has Zp-rank equal to the rank of as an abelian group. 

The rank of in Leopoldt's conjecture is always at least the Zp-rank of the topolog- 
ical closure, but Leopoldt's conjecture asserts that it is never less. As Iwasawa pointed 
out in [12, Section 2.3], Leopoldt's conjecture for a totally real number field is equivalent 
to the statement that its maximal abelian, unramified outside p, pro-p extension is a 
finite extension of its cyclotomic Zp-extension. 

It is, of course, sufficient to prove Leopoldt's conjecture for totally real fields for fields 
of the sort we consider, since any totally real field sits inside of such an F^. And, 
as we have just noted, Leopoldt's conjecture for is equivalent to the statement that 
GaA{Ai / F^) is finite. The following result of Khare and Wintenberger |KWl Corollary 
6.5], which is a consequence of the Cebotarev density theorem, tells us that Leopoldt's 
conjecture for F'^ and p is equivalent to the finiteness of the ray class lines Nq for all 
pairs (qi, q2). 

Theorem 1.5 (Khare-Wintenberger). Leopoldt's conjecture holds for F^ and p if and 
only if the Frohenius line Mq is a finite group for every pair (qi, q2) of primes of F^ 
not lying over p and inert in F^/F^ . 

In their work, Khare and Wintenberger explain that the reciprocity conjecture is 
a natural analogue in Iwasawa theory of a statement one can make for the generalized 
Jacobian Jp^^pj of the singular curve obtained by identifying two rational points Pi, P2 of 
a smooth projective curve X over a field k \KW\ Section 5.3]. That is, the Tate module 
Te{Jpi,P2) of the generalized Jacobian for a prime i 7^ char k fits in an exact sequence of 
Z^[[G'fc]]-modules 

^ Z,(l) ^ T,{Jp,^p,) ^ T,(J) ^ 0, 

where J denotes the Jacobian of X and Gk is the absolute Galois group of k, and where 
the map from Z^(l) to the Tate module is given by fixing a choice of Pi among the two 
primes. Using Weil duality, the class of this extension may be viewed as lying in the 
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continuous cohomology group H^{Gk,T£{J)), and this class is identified via Kummer 
theory with the class of the divisor (P2) — (-Pi) in the £-part of J{k). 

We remark that the latter statement is a bit stronger than what would be analogous 
to the reciprocity conjecture, which asserts an equality of subgroups, rather than ele- 
ments. However, this may be fixed. We make several choices corresponding to a choice 
of qi over q2- Let uiq denote the unique element of Mq that is ipi^p^ for some j E . 
The /ipoo found in (11. ip is more canonically written as {fipoo © fip°°)/ fip^, with the ith 
coordinate corresponding to the p-power roots of unity in the residue field of at 
for i G {1, 2}. We consider the isomorphism taking the image of {a, (3) to aP~^. Finally, 
evaluation at a choice of generator of F followed by restriction provides the isomorphism 
()1.2p . and we may take the restriction of ipi as a canonical choice. With these consistent 
choices, the class of (II. ip defines a generator nq of Nq. A refined form of the reciprocity 



conjecture may then be stated. As we shall prove it, we state it as a theorem. 

Theorem 1.6. The generators mq and nq of the Frobenius line and the ray class line, 
respectively, are the negatives of each other. 

In fact, we will prove in Theorem 12.11 a strengthening of this conjecture in which we 
allow to be an arbitrary finite set of finite primes of not lying over p that are no 
longer assumed to be inert in the extension F^/F^ . 

The structure of this paper is simple. In Section [21 we reformulate and generalize 
the statement of the conjecture. In Section [3], we provide the proof of our more general 
statement. Our proof will use little beyond standard facts regarding Galois cohomology 
and Kummer theory for number fields, hence the paucity of references. 

Acknowledgments. The author thanks Chandreshekhar Khare for introducing him to 
the reciprocity conjecture and for his helpful comments on drafts of this work. He was 
supported in part during the preparation of this work by NSF award DMS-0901526. 



2 The conjecture 

In this section, we start afresh and introduce the strengthening of the reciprocity conjec- 
ture that we intend to prove. This requires a reasonable amount of notation and set-up, 
so let us embark upon the task. 

Let p be an odd prime number. Fix a CM number field F containing /ip, and let 
F^ be its maximal totally real subfield. Let be a fixed finite set of finite primes of 
F^ not lying over p and Q the set of primes of F lying above them. Let q denote the 
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product of the primes in Q. More generally, for any algebraic extension E of F+, we 
will let Qe denote the set of primes of E lying over those in Q^. If £■ is a number field, 
we let qE denote the product of the primes in Qe, and we let E^, denote the completion 
of at w e Qe- 

We let denote the cyclotomic Zp-extension of F and F+ its maximal totally real 
subfield. The (finite) sets of primes above in and F^o will be denoted and 
Qoo, respectively. Let qoo denote the product of the primes in Qoo- Set F = Gal(Foo/F) 
and A = Zp[[r]]. 

We let Vl denote the maximal imramified outside the primes over p (or, p-ramified) 
extension of F, and we set G = Gal{fl/F) and H = Gal{fl/F^). As usual, for a 
Z[Gal(Foo/F+)]-module B, we let 

S± = {6 e S I s{b) = ±b} 

for the generator s of Gal(Foo/F+), which is to say complex conjugation. 

Let X denote the Galois group of the maximal p-ramified abelian pro-p extension of 
F. Let O denote the ring of integers of F. Let CI denote the class group of O and A its 
p-part. Similarly, let Clq denote the ray class group of conductor q and its p-part. 
The corresponding objects over Foo will be denoted with a subscript oo. Note that Xoq 
is a finitely generated (compact) A-module, while and A^^c\ are cofinitely generated 
(discrete) A-modules. 

For each v G Q^, let denote the decomposition group at v in and let F„ 
denote the decomposition group at v in F. Note that F^, is nontrivial as no prime ideal 
splits completely in the cyclotomic Zp-extension of a number field. As is procyclic, 
this forces the restriction map — ?> F^, to be an isomorphism. The direct sum of the 
inverses F„ — )■ of the restriction isomorphisms composed with the inclusion maps 
X"*" yields a homomorphism 

S: 0F,^X+. 

veQ+ 

Note that the group (X^)r of F-coinvariants is canonically isomorphic to the Galois 
group of the largest subextension of the maximal p-ramified abelian pro-p extension of 
F+ that is actually abelian over F+. We therefore have a short exact sequence of abelian 
Galois groups 

^ (^i)r ^ X+ ^ F ^ 0. 
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We define Mq to be the image of tlie induced map 5^ in tlie commutative diagram 





i 



i 

-'-^ (X+ )r 



(2.1) 



r r 
i 



witli exact columns, wliere denotes elements of the direct sum with trivial sum (or 
product), in this case in V. (As we have not assumed that any v G is inert in 
the left column need not be right exact.) This image is the Frobenius module Mq of 
Khare-Wintenberger |KWt Definition 4.1]. 

By its definition, the q-ray class group Cloo,q of Fao fits into an exact sequence 

1 ^ o^^^ -> ^ {o^hY ^ cioo,, ^ cioo ^ 0, 

where C^_q denotes the group of units in Coo that are congruent to 1 modulo q. Since 
the minus part of is its group of roots of unity, this gives rise to an exact sequence 



(2.2) 



on p-parts of minus parts, where the first map is the diagonal embedding. 

Note that is Kummer dual to X+ , which is to say dual via homomorphisms to 
/ipoo. Therefore, the Kummer dual of the exact sequence 

^ ^ A-,^ A- ^ (2.3) 

induced by (12. 2p . where 0' denotes quotient by the diagonal, has the form 

^ X+ ^ Hom(A-_^,/x,^) -> 0OZp ^ 0. (2.4) 
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In F-homology, we have canonical isomorphisms Hi{r, Zp) = T and 




-tGQ 

u\v u\v 

for each v G Q^, the last map being induced by multiplication in F. It follows that the 
connecting homomorphism in the F-homology of (12 .41) has the form 

K^: 0Or.^(X+)r. 

With both 5" and k° are canonically defined, it is reasonable to consider the following 
statement. 

Theorem 2.1. The map is equal to 6^. 

Before we proceed to the proof, let us compare Theorem 12.11 with the formulation 
of the reciprocity conjecture given in [KWj and the introduction. So, suppose that 
IQjiol = 2. In this case, the image of is the ray class line Nq. More precisely, Khare 
and Wintenberger consider the class of the exact sequence (12. 3p in 

H\T, Hom(A- , (/ip^ © /xp^)')) = H\T, Hom(A- , /i^^)) 

-ifi(F,X+) = Hom(F,(X+)r), 

where the isomorphism (yU takes {a, (3) to af3 ^, which requires a 

choice of one of the two primes in Q. They then evaluate C,q on a noncanonical choice 
of generator of F and define Nq to be the Zp-submodule it generates |KWt Section 5.1], 
which is independent of the choices made. We claim that is the negative of the class 
in F-cohomology of the dual sequence (12. 4p . which also lies in 

H\T, Hom((Z, © Z,)°, X+ )) - H\T, X+ ), 

the isomorphism (Zp©Zp)° A- Zp used here taking (a, —a) to a, with the first coordinate 
corresponding to the same prime of Q as before. The latter class as viewed in (Xj|^)r 
agrees with k° evaluated on the chosen generator. Supposing the claim, since the Zp- 
span of the image of 5° is by definition the Frobenius line Mq, we see that Theorem 
12. II implies the reciprocity conjecture. Moreover, in the notation of the introduction, we 
have rriQ = S^{<fi) and nq = —K,^{(fi), so Theorem 12. II implies Theorem 11.61 as well. 
As for the claim, it follows easily from the following simple lemma. 
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Lemma 2.2. The class in if^(r, Hom(C, A)) of an exact sequence of finitely generated 
A-modules 

is sent to the negative of the class in H^{r, }iom{A^ , C^)) of the Pontryagin dual exact 
sequence under the isomorphism 

Hom(C, A) A RomiA" , C^) , / ^ ^ 

given by = 4>o f for f G Hom(C, A) and e A^. 

Proof. For any set-theoretic map k: M — > N ol A-modules and 7 e F, we define 
k' : M ^ N by K'{m) — jK{'y~^m) for each m e M. For any continuous function s spht- 
ting TT, the class of our exact sequence is that of the cocycle x given by lox{'j) — s'^ — s. 
Let t: B ^ Ahe the unique map satisfying tot = 1 — sow. The class of the Pontryagin 
dual sequence is that of the cocycle x* : F — > Hom(74^, C^) given by 

^^(X*(7)(0)) = (tyi'P) - = ^o{t^-t) 

for (f) e A"^. Taking the dual of xil) and noting that i o = 1 — sT o tt, we obtain 

vr^(x(7)''(0)) = o o (s^ - s) o TT = o - r), 

as desired. □ 

3 The proof 

To begin with, note that the class group of the maximal p-ramified extension f2 of F is 
trivial as Q contains the Hilbert class field of every number field in ^2. Let us set 

>V= lim fXp^{E^), 
where the direct limit runs over the number fields E containing F in Jl. Note that W is 

i^-induced from 0^ jJjpOO , SO 

and H'^{H, W) = for i > 1. For any u e , the li-component of will be //poo if the 
prime v below u is inert in F/F'^, and it will be /ipoo © /ipoo, with complex conjugation 
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acting by switching coordinates, if the prime v sphts in F/F^ . Either way, the minus 
part is /ipoo. Therefore, we have 



(W 



/ipoo. 



Now set (jj = W/yUpoo with respect to the diagonal embedding of /ipoo. We then obtain 
a long exact sequence in if-cohomology, the minus part of which begins 

1 ^ /ip^ ^ /ip«. {uj^Y ^ ^ 0, (3.1) 

the term being H^{H, fipoo)~ by Kummer theory. 
We make the following claim. 

Proposition 3.1. There is an isomorphism (p: — )■ (cu^)^ of A-modules fitting into 
an isomorphism of exact sequences of A-modules 



1 > fipOO )► fip' 



->^^,q ^0 



-^0 



from (EZD to (ED). 



Proof. We define explicitly. Let a be a nonzero finitely generated fractional ideal of 
Coo that is relatively prime to p and the ideals in Qoo, and suppose that its ray class [a]q 
lies in A'^^^. Let [a] denote its class in A^. Let n be such that a^" is principal, therefore 
generated by some a G F^. We assume, as is possible, that o and a are chosen so that 
sa = a^^ and s{a) = a~^, where s denotes the generator of Gal{Foo/ F^^). Let a be such 
that a^" = a, and note that a & , since a generates a p-ramified extension of Foo- 
Since [a]q has p-power order, we have a^* = 1 mod qoo for sufficiently large t. Therefore, 
the image 

a e lim{OE/qEV 

Ecn 

of a has p-power order, so it lies in the p-power torsion subgroup W of the direct limit. 



a 



cr-l 



G yUpn, so the image 0([a]q) of a in u; lies in uj^ . 



For a E H, we have a' 

Note that if r G Gal(fi/F+), then the class T([a]q) is represented by ra, the p"th 
power of which is generated by T(a), and this has T{a) as a p"th root. This, in turn, has 
image r(a) in W. In particular, since [a]q lies in the minus part of Aoo,q, the element 
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(/)([a]q) lies in the minus part of . Since is multiplicative given consistent choices, if 
we can show that 0([a]q) is well-defined, we will then have constructed a homomorphism 
(j) of A- modules. 

We show that (j) is well-defined. First, suppose that n is replaced by some m > n 
and a by a^" Then a can still be taken to be the same element. On the other hand, 
for a fixed n, we may replace a by a product of it with a p"th root of unity. However, 
this does not affect the image of a in u. Next, any generator of a^" in {F^)~ will differ 
from a by some element of the minus part fipoo of , the p"th root of this element will 
be another p-power root of unity, and again this will not change the image of a in u. 
Finally, any finitely generated fractional ideal b prime to Qoo and p and representing 
the class [a]q has the form b = a(c), where c G with c = 1 mod qoo- Then b^" is 
generated by ad'" , which has p"th root ac. The image of this element in the direct limit 
of the groups {Oe/c{e)^ is just d. Having checked independence of all choices, we have 
that (j) is well-defined. 

It remains only to check the commutativity of the diagram. For this, suppose that 
€ ©„6Q+ f^p°°y cLiid let a G Coo with s(a) = be such that a has image 
in the residue field of Ooo for each of the one or two primes of Qoo lying over each 
u G Q^. Then the class [(a)]q is represented by (a) and has image {au)u in ©^eQi ^^p°° 
and therefore the image of that in . Hence, the middle square commutes. As for the 
right-hand square, let [a]q G A^^^, and note that 0([ci]q) is the image of d as before. The 
connecting homorphism H^{H, fipoo) then takes 0([ci]q) to the cocycle r i— )■ d'^'^ 

for T & H, which as we have already mentioned is just the Kummer character r i— a'^~^. 
Since aP" = (a) and a^" = a, this character has image [a] in A^, as desired. □ 

Having shown that the class of 

1 ^ 0'/ip- ^ ^ ^oo ^ (3.2) 

agrees with the class of f l2.3p . the first connecting homomorphism in the long exact 
sequence in the F-cohomology of fl3.2p will now be the negative of the Pontryagin dual 
of (as follows from Lemma [2^ . In order to compare this with 5°, we will reconstruct 
the diagram (12. ip in a manner that incorporates the latter sequence. 

Let us start by defining the needed object V, which most simply put is just the twist 
>V(— 1). More meticulously, for each v G Q, we can set 

V. = lim Qp/Zp 

w\v 
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and then take 

V = 0K = lim Qp/Z,. 

Let z/ be the quotient of V by Qp/Zp embedded diagonally. As with W, note that V is 
the if-induced module of Qp/Zp (in that W is the Tate twist of V). Therefore, 

the long exact sequence in if-cohomology attached to 

^ Qp/Zp ^0 (3.3) 

gives rise to a short exact sequence 

0^0' Qp/Zp ^u^'^Xl^O. (3.4) 

There is a commutative diagram 

(r, v^) ^ (r, zy-f^) — > (r, x^) — ^ o 

4' 4 '^i' 

^ Qp/Zp ^ ^ z^^ ^ //He, Qp/Zp) ^ H\G, V) — ^ //^G, i^) H^{G, Qp/Zp) ^ 

(3.5) 

in which /3 and 6 are inflation maps, the lower row is the long exact sequence in G- 
cohomology arising from (13. 3p . and ip is the unique map making the diagram commute. 
The right exact top row is induced on F-cohomology by the right exact sequence 



^ z/^ ^ ^ 



giving rise to (13. 4p . noting that F has cohomological dimension 1. The surjectivity of /3 
follows from the inflation- restriction sequence and the fact that H^{H, V) = 0. Similarly, 
the cokernel of 6 injects into H^{H, u) = H^{H, Qp/Zp), and the latter group is trivial 
by weak Leopoldt ([Ej, but see |NSWl Theorem 10.3.22] for this form). The interested 
reader may check that ijj arises as the map (noting that E'^^ = for i > 2) 

in the Hochschild-Serre spectral sequence 

Ei^^ = H\T, W{H, Qp/Zp)) ^ = ff'+^(G, Qp/Zp), 

(i.e., there is a morphism from the corresponding spectral sequence with u coefficients 
to this sequence with a shift of degree). 

Replacing the last three terms in the bottom row of (13. 5p using the isomorphisms 
with the terms of the top row and mapping the resulting exact sequence to the long 
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exact sequence in F-cohomology attached to fl3.4p . we obtain a diagram 



^e'nQp/Zp 



G 



Res 

^ (©Q^ Qp/Zp)^ ^ ^ (x^)^ 4 i^Hr, ©^^ Qp/Zp) ^ i/i(r, z.^) ^ //i(r, x^) ^ o. 

(3.6) 

Here, the map Res is restriction on homomorphism groups, and the map vr is induced 
by the quotient map 

^ Qp/Zp ^'Qp/Zp. 

Clearly, Res has kernel F"^ and vr has kernel an infinite quotient of . However, it is not 
immediately clear that the middle square in the diagram commutes, so we prove this. 

Proposition 3.2. The diagram (13. 6p is commutative. 

Proof. The only square for which commutativity is nonobvious is the third, so we focus 
on it. Let x ^ = and restrict x to if (so, to an element of (X^)^). Find 
a G V such that the image a of a in i/ is fixed by H and maps to x|h under the natural 
map — 7- X^. That is, x(t) = {'^ — 1)*^ for all r E H. Then d^xln) is the unique 
homomorphism such that 

d{x\H)h) = {l-l)a 

for every 7 G F and any lift of it to 7 G G. This homomorphism takes values in 
©Qoo Qp/^p inside , since xIh is fixed by F. 

On the other hand, we may view x element of H^{G,V) via the diagonal 

embedding of Qp/Zp in V. Since xi'^) = {'^ ~ l)^' for t E H, its image l{x) in 
H^(T, Qp/Zp) under the inverse of infiation is represented by a cocycle given by 



i(x)(7) = Xil) - (7 - l)a 
for 7 G F, viewing Qp/Zp as . We then have 

7r(i(x))(7) = -(7 - l)a 
since xil) ^ Qp/Zp, so tt o = —d o Res, as claimed. 
We now define 

0OF.^(Xi)r 

veQ+ 



(3.7) 



□ 
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to be the negative of the plus part of the Pontryagin dual of the connecting homomor- 
phism d and 

to be the plus part of the Pontryagin dual of the map l found in (13. 6p . This definition 
of agrees with that Section [2l The plus part of the Pontryagin dual of the third 
commutative square in (13.61) then yields the commutative square 

^ (Xi)r (3.8) 



in which the right and left vertical maps are the canonical injections with cokernel F and 



contained in F, respectively. In the proof of the following, which implies Theorem 12. ![ 
we shall see that /t = 5 and therefore = 6^, so the diagram (13. 8p agrees with (12. ip . 
We may now prove our main theorem. 

Proof of Theorem \2.1[ By the commutativity of (13. Sp . we need only show that k is the 
map 5 of the introduction. Note that we have already described a map l in the proof of 



Proposition 13. 2t the plus part of which may be identified with the Pontryagin dual of k. 
So, we consider the plus part 



: {X^Y^H'iv, Q,/Z,) 



of L. The map i+ may be viewed as a collection of maps : {X'^Y — > F^ for each v E 
via the isomorphism 



r, Qp/Zj ^ Hom(F„ Qp/Zp) 



u\v 

that takes a cocycle / to its restriction to F„, which has values in the diagonal Qp/Zp 
in the direct sum. 

By (13. 7p . for x ^ (^^)^? which we may think of as an element of G^, and 7^, G F^,, 
we may write 



13 



for some lift % of 7^, in G and a„ e V^,. By definition of V^, there exists a number 
field E containing F such that lies in the direct sum Qp/Zp over primes w oi E 
lying over i>, and % acts on the sum by permuting the coordinates of its elements. In 
particular, the w-coordinate of i'y{x){'lv) in this direct sum is 

If we pick 7„ to lie in the decomposition group of G at a place over w, then the w- 
coordinate of i'^{x)i'lv) will equal xilvj^ but then every w-coordinate for w lying over v 
must have this value since l^{x) takes values on in the diagonally embedded Qp/Zp 
in V^. As 7„ will restrict to an element of the decomposition group Dy in X'^, the 
i>-component of S satisfies 

For the sums of the Pontryagin duals, this says exactly that k — S. □ 
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